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THE q–CHARACTERS AT ROOTS OF UNITY
EDWARD FRENKEL AND EVGENY MUKHIN
Abstract. We consider various specializations of the untwisted quantum affine alge-
bras at roots of unity. We define and study the q–characters of their finite-dimensional
representations.
1. Introduction
The theory of q–characters of finite-dimensional representations of quantum affine
algebras was developed in [FR, FM]. In those works, q was assumed to be a generic
non-zero complex number (i.e., not a root of unity). In the present paper we extend
the results of [FR, FM] to the case when q is a root of unity.
There are different versions of the quantum affine algebra Uqĝ when q is specialized
to a root of unity ǫ: the non-restricted specialization U˜ǫĝ studied by Beck and Kac
[BK], the restricted specialization U resǫ ĝ studied by Chari and Pressley [CP4] (following
the general definition due to Lusztig [L]), and the “small” affine quantum group Ufinǫ ĝ,
which is the image of the natural homomorphism U˜ǫĝ→ U
res
ǫ ĝ.
It was shown in [CP4] that all irreducible finite-dimensional representations of U resǫ ĝ
(of type 1) are highest weight representations with respect to a triangular decomposition
in terms of the Drinfeld generators (more precisely, these results were obtained in [CP4]
in the case when ǫ is a root of unity of odd order, but we extend them here to all roots
of unity). Using these results, we define the ǫ–character of a U resǫ ĝ–module V via
the generalized eigenvalues of a commutative subalgebra of U resǫ ĝ on V . We establish
various properties of the ǫ–character homomorphism; in particular, we show that the
q–characters specialize to ǫ–characters as q → ǫ.
In addition, using results of [BK] we show that all irreducible finite-dimensional
representations of Ufinǫ ĝ (of type 1) are highest weight representations, describe their
highest weights and define the corresponding ǫ–characters. We show that each irre-
ducible Ufinǫ ĝ–module admits a unique structure of U
res
ǫ ĝ–module. This allows us to
obtain the ǫ–characters of Ufinǫ ĝ–modules from the ǫ–characters of U
res
ǫ ĝ–modules.
Finally, we study the quantum Frobenius homomorphism, following Lusztig’s defini-
tion [L]. Let l be the order of ǫ2 and ǫ∗ = ǫl
2
∈ {±1}. The Frobenius homomorphism
maps U resǫ ĝ (more precisely, its modified version) either to U
res
ǫ∗ ĝ or to U
res
ǫ∗ ĝ
L, depend-
ing on whether l is divisible by the lacing number r∨ or not. Here ĝL denotes the
Langlands dual Lie algebra to ĝ (it is twisted if ĝ is not simply-laced) and we use the
notation RepU for the Grothendieck ring of finite-dimensional representations of an
algebra U . In this paper we deal only with the untwisted quantum affine algebras, and
so we consider the Frobenius homomorphism in detail only in the case when (l, r∨) = 1.
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The Frobenius pull-backs of irreducible finite-dimensional U resǫ∗ ĝ–modules are irre-
ducible U resǫ ĝ–modules. We describe their ǫ–characters in terms of the ordinary char-
acters of irreducible finite-dimensional representations of the simple Lie algebra g.
A decomposition theorem (previously proved by Chari and Pressley [CP4] in the
case when ǫ has odd order) allows one to decompose any irreducible finite-dimensional
representation of U resǫ ĝ as a tensor product of a Frobenius pull-back and a module which
remains irreducible when restricted to Ufinǫ ĝ ⊂ U
res
ǫ ĝ. Thus, we obtain an isomorphism
of vector spaces
RepU resǫ ĝ ≃ RepU
fin
ǫ ĝ⊗ RepU
res
ǫ∗ ĝ.
Similar results can be obtained for the twisted quantum affine algebras. We will
describe the q–characters and ǫ–characters of twisted quantum affine algebras in a
separate publication.
Acknowledgments. We thank V. Chari, D. Gaitsgory, A. Kirillov, Jr., and N. Resheti-
khin for useful discussions. This research was supported in part by the Packard Foun-
dation and the NSF.
2. Definitions
2.1. Root data. Let g be a simple Lie algebra of rank ℓ. Let (·, ·) be the invariant
inner product on g, such that the square of the length of the maximal coroot α∨max
equals 2. The induced inner product on the dual space to the Cartan subalgebra h of
g is also denoted by (·, ·). Denote by I the set {1, . . . , ℓ}. Let {αi}i∈I , {α
∨
i }i∈I {ωi}i∈I
be the sets of simple roots, simple coroots and fundamental weights of g, respectively.
We denote by αmax the maximal (positive) root of g.
Let r∨ be the maximal number of edges connecting two vertices of the Dynkin di-
agram of g. Thus, r∨ = 1 for simply-laced g, r∨ = 2 for Bℓ, Cℓ, F4, and r
∨ = 3 for
G2.
Set ri =
(αi,αi)
2 . All ri’s are equal to 1 for simply-laced g, and ri’s are equal to 1 or
r∨ depending on whether αi is short or long, for non-simply laced g.
Let C = (Cij)i,j∈I be the Cartan matrix of g, Cij =
2(αi,αj)
(αi,αi)
.
Let Iˆ = {0, 1, . . . , ℓ} and let (Cij)i,j∈Iˆ be the Cartan matrix of ĝ. We set r0 = r
∨.
We also fix a choice of a function o : I → {±1} such that o(i) 6= o(j) whenever
(αi, αj) 6= 0.
2.2. Quantum affine algebras. Let q be an indeterminate, C(q) the field of rational
functions of q and C[q, q−1] the ring of Laurent polynomials with complex coefficients.
For n ∈ Z, m ∈ Z≥0 set
[n]q =
qn − q−n
q − q−1
,
[
n
m
]
q
=
∏n
i=n−m+1[i]q∏m
i=1[i]q
, [m]q! =
m∏
i=1
[i]q.
Let qi = q
ri , i ∈ Iˆ.
In this paper we deal exclusively with finite-dimensional representations of quantum
affine algebras, all of which have level zero. The (multiplicative) central element of a
quantum affine algebra acts as the identity on such representations. To simplify our
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formulas, we will impose in the definition of the quantum affine algebra the additional
relation that this central element is equal to 1.
The quantum affine algebra Uqĝ (of level zero) in the Drinfeld-Jimbo realization
[Dr1, J] is an associative algebra over C(q) with generators x±i (i ∈ Iˆ), k
±1
i (i ∈ I), and
relations:
kik
−1
i = k
−1
i ki = 1, kikj = kjki,
kix
±
j k
−1
i = q
±Cij
i x
±
j ,
[x+i , x
−
j ] = δij
ki − k
−1
i
qi − q
−1
i
,
1−Cij∑
r=0
(−1)r
[
1− Cij
r
]
qi
(x±i )
rx±j (x
±
i )
1−Cij−r = 0 (i 6= j).
Here we use the notation k0 =
∏
i∈I k
−ai
i , where αmax =
∑
i∈I aiαi.
The algebra Uqĝ has a structure of a Hopf algebra with the comultiplication ∆ and
the antipode S given on the generators by the formulas:
∆(ki) = ki ⊗ ki,
∆(x+i ) = x
+
i ⊗ 1 + ki ⊗ x
+
i ,
∆(x−i ) = x
−
i ⊗ k
−1
i + 1⊗ x
−
i ,
S(x+i ) = −x
+
i ki, S(x
−
i ) = −k
−1
i x
−
i , S(k
±1
i ) = k
∓1
i .
The Hopf algebra Uqg is defined as the C(q)–subalgebra of Uq ĝ with generators x
±
i ,
k±1i , where i ∈ I.
Let σ be an automorphism of the affine Dynkin diagram, i.e., σ : Iˆ → Iˆ, such that
(αi, αj) = (σαi, σαj). Then we also denote by σ an Uqĝ automorphism defined by the
formulas
σ(x±i ) = x
±
σ(i), σ(ki) = kσ(i) (i ∈ Iˆ).(2.1)
Let Ti, i ∈ Iˆ, be the C(q)–algebra automorphisms of Uqĝ, defined by the formulas
Ti(kj) = k
−aij
i kj ,
Ti((x
+
i )
(n)) = (−1)nq
−n(n−1)
i (x
−
i )
(n)kni , Ti((x
−
i )
(n)) = (−1)nq
n(n−1)
i k
−n
i (x
+
i )
(n),
Ti((x
+
j )
(n)) =
−naij∑
r=0
(−1)rq−ri (x
+
i )
(−naij−r)(x+j )
(n)(x+i )
(r) (i 6= j),
Ti((x
−
j )
(n)) =
−naij∑
r=0
(−1)rqri (x
−
i )
(r)(x−j )
(n)(x−i )
(−naij−r) (i 6= j).
Here we use the following notation for divided powers
(x±i )
(r) =
(x±i )
r
[r]qi !
.
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If i ∈ I then Ti induces an C(q)–automorphism of subalgebra Uqg of Uqĝ, also denoted
by Ti. The automorphisms Ti are the operators T
′′
i,−1 introduced in [L], §41.1.2.
Next, we describe the Drinfeld “new” realization of Uqĝ.
Theorem 2.1 ([Dr2, KT, LSS, B]). The algebra Uqĝ is isomorphic over C(q) to the
algebra with generators x±i,n (i ∈ I, n ∈ Z), k
±1
i (i ∈ I), hi,n (i ∈ I, n ∈ Z\0), with the
following relations:
kikj = kjki, kihj,n = hj,nki,
kix
±
j,nk
−1
i = q
±Cij
i x
±
j,n,
[hi,n, x
±
j,m] = ±
1
n
[nCij ]qix
±
j,n+m,
x±i,n+1x
±
j,m − q
±Cij
i x
±
j,mx
±
i,n+1 = q
±Cij
i x
±
i,nx
±
j,m+1 − x
±
j,m+1x
±
i,n,
[hi,n, hj,m] = 0,
[x+i,n, x
−
j,m] = δij
φ+i,n+m − φ
−
i,n+m
qi − q
−1
i
,
∑
π∈Σs
s∑
k=0
(−1)k
[
s
k
]
qi
x±i,nπ(1) . . . x
±
i,nπ(k)
x±j,mx
±
i,nπ(k+1)
. . . x±i,nπ(s) = 0, s = 1− Cij,
for all sequences of integers n1, . . . , ns, and i 6= j, where Σs is the symmetric group on
s letters, and φ±i,n’s are determined by the formula
Φ±i (u) :=
∞∑
n=0
φ±i,±nu
±n = k±1i exp
(
±(qi − q
−1
i )
∞∑
m=1
hi,±mu
±m
)
.(2.2)
Let Uqĝ
± be the subalgebras of Uqĝ generated by x
±
i,n (i ∈ I, n ∈ Z). Let Uqĝ
0 be
the subalgebra of Uqĝ generated by k
±1
i , h
±
i,n (i ∈ I, n ∈ Z \ 0).
In fact, according to [B] (see also [CP4, BCP]), the isomorphism described in Theo-
rem 2.1 has the form
x±i,r = o(i)
rT∓rωˇi (x
±
i ),
where Tωˇi is an automorphism of Uqĝ given by a certain composition of braid group
automorphisms Ti and a diagram automorphism σ of type (2.1). We remark that in
[B, CP4] a different normalization for the braid group action is used. In this paper we
follow the conventions of [BCP], [L].
For any a ∈ C×, there is a Hopf algebra automorphism τa of Uqĝ defined on the
generators by the following formulas:
τa(x
±
i,n) = a
nx±i,n, τa(φ
±
i,n) = a
nφ±i,n,(2.3)
for all i ∈ I, n ∈ Z. Given a Uqĝ–module V and a ∈ C
×, we denote by V (a) the
pull-back of V under τa.
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2.3. Restricted integral form. Let U resq ĝ be the C[q, q
−1]–subalgebra of Uqĝ gener-
ated by k±1i and (x
±
i )
(n), i ∈ Iˆ, n ∈ Z>0. Then U
res
q ĝ is a C[q, q
−1] Hopf subalgebra of
Uqĝ preserved by automorphisms Ti, i ∈ Iˆ.
Similarly, let U resq g be the C[q, q
−1]–subalgebra of Uqg generated by k
±1
i and (x
±
i )
(n),
i ∈ I, n ∈ Z>0. Then U
res
q g is a C[q, q
−1] Hopf subalgebra of Uqg preserved by auto-
morphisms Ti, i ∈ I.
For i ∈ I, r ∈ Z>0, define [
ki
r
]
=
r∏
s=1
kiq
1−s
i − k
−1
i q
s−1
i
qsi − q
−s
i
.
Note that
[
ki
r
]
is denoted by
[
ki; 0
r
]
in [CP4].
For i ∈ I, n ∈ Z, define the elements Pi,n ∈ Uqĝ by
P
±
i (u) =
∞∑
n=0
Pi,±nu
±n = exp
(
∓
∞∑
m=1
hi,±m
[m]qi
u±m)
)
.
Note that
Φ±i (u) = k
±1
i
P
±
i (uq
−1
i )
P
±
i (uqi)
.
Denote by U resq ĝ
± the C[q, q−1]–subalgebra of Uq ĝ generated by (x
±
i,r)
(n), i ∈ I, r ∈ Z,
n ∈ Z>0. Denote U
res
q ĝ
0 the C[q, q−1]–subalgebra of Uqĝ generated by ki,
[
ki
r
]
, i ∈ Iˆ
and Pi,n, i ∈ I, n ∈ Z, r ∈ Z>0.
Theorem 2.2 ([CP4], Proposition 6.1). We have U resq ĝ
± ⊂ U resq ĝ, U
res
q ĝ
0 ⊂ U resq ĝ.
The algebra U resq ĝ is generated by the subalgebras U
res
q ĝ
+, U resq ĝ
− and k±1i , i ∈ I.
Moreover, the multiplication gives an isomorphism of vector spaces
U resq ĝ ≃ U
res
q ĝ
− ⊗ U resq ĝ
0 ⊗ U resq ĝ
+.(2.4)
Let ǫ ∈ C be a primitive s-th root of unity, i.e., ǫs = 1 and ǫk 6= 1 for k = 1, 2, . . . , s−1.
For i ∈ Iˆ, let ǫi = ǫ
ri and let
l =
{
s, s is odd
s/2, s is even
li =
{
l, l is not divisible by ri
s/ri, l is divisible by ri.
In other words, l is the order of ǫ2, and li is the order of ǫ
2
i . Thus, l is the minimal
natural number with the property [l]ǫ = 0 and li is the minimal natural number with
the property [li]ǫi = 0.
Define the structure of a module over the ring C[q, q−1] on C by the formula
p(q, q−1) 7→ p(ǫ, ǫ−1), p(q, q−1) ∈ C[q, q−1].
Denote this module by Cǫ. Set
U resǫ ĝ = U
res
q ĝ⊗C[q,q−1] Cǫ,
U resǫ g = U
res
q g⊗C[q,q−1] Cǫ.
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Also set
U resǫ ĝ
± = U resq ĝ
± ⊗C[q,q−1] Cǫ ⊂ U
res
ǫ ĝ,
U resǫ ĝ
0 = U resq ĝ
0 ⊗C[q,q−1] Cǫ ⊂ U
res
ǫ ĝ.
The algebra U resǫ ĝ is called the restricted specialization of Uqĝ at q = ǫ.
2.4. Non-restricted integral form and small affine quantum group. Let U˜qĝ
be the C[q, q−1]–subalgebra of Uqĝ generated by k
±1
i and x
±
i , i ∈ Iˆ. This is a C[q, q
−1]
Hopf subalgebra of Uqĝ preserved by automorphisms Ti, i ∈ Iˆ. Using Theorem 2.1 we
obtain that U˜qĝ may also be described as the C[q, q
−1]–subalgebra of Uqĝ generated by
k±1i , x
±
i,n (i ∈ I, n ∈ Z), hi,n (i ∈ I, n ∈ Z\0). Note that U˜qĝ is a C[q, q
−1]–subalgebra
of U resq ĝ.
Define the non-restricted specialization of Uqĝ at q = ǫ by
U˜ǫĝ := U˜qĝ⊗C[q,q−1] Cǫ.
We have a natural homomorphism U˜ǫĝ → U
res
ǫ ĝ. Denote by U
fin
ǫ ĝ the image of this
homomorphism. We call Ufinǫ ĝ the small affine quantum group of ĝ at q = ǫ. This is
the subalgebra of U resǫ ĝ generated by k
±1
i and x
±
i , i ∈ Iˆ.
We remark that Chari and Pressley use in [CP4] the notation Ufinǫ ĝ for a larger
subalgebra of U resǫ ĝ, which includes Pi,n, i ∈ I, n ∈ Z in addition to the above generators.
Note that if l = 1, we have: U˜ǫĝ = U
fin
ǫ ĝ = U
res
ǫ ĝ. Hence from now on, when dealing
with U˜ǫĝ or U
fin
ǫ ĝ, we will always assume that l > 1.
Lemma 2.3. For l > 1, the following relations hold in Ufinǫ ĝ: (x
±
i )
li = 0 (i ∈ Iˆ),
(x±i,n)
li = 0, and hi,mli = 0 (i ∈ I, n ∈ Z, m ∈ Z\0).
Proof. This follows from the fact that the elements (x±i )
(li), (x±i,n)
(li), and hi,mli/[mli]qi
belong to U resǫ ĝ.
In particular, Ufinǫ ĝ is generated by k
±1
i , x
±
i,n (i ∈ I, n ∈ Z), hi,n (i ∈ I, n ∈ Z\Zli).
2.5. Finite-dimensional representations of U resǫ ĝ. A finite-dimensional represen-
tation of Uqg is said to be of type 1 if ki, i ∈ I, act by semi-simple operators with
eigenvalues in qZi . A finite-dimensional representation V of U
res
ǫ g is said to be of type
1 if V has a basis of eigenvectors of the elements ki,
[
ki
li
]
, i ∈ I, and for each vector v
from this basis there exist integers λi, such that
kiv = ǫ
λi
i v,
[
ki
li
]
v =
[
λi
li
]
ǫi
v,
(see [CP2], §11.2). Such a vector v is called a weight vector of weight
∑
i∈I λiωi.
A finite-dimensional Uqĝ–module (resp., U
res
ǫ ĝ–module) V is said to be of type 1 if
the restriction of V to Uqg (resp., U
res
ǫ g) is of type 1. In what follows we consider only
modules of type 1.
It follows from the formulas defining the coproduct in Uqĝ that the tensor product
of two type 1 representations is of type 1. Hence the Grothendieck rings of the type
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1 finite-dimensional representations of Uqĝ and U
res
ǫ ĝ carry ring structures. We denote
these rings by RepUqĝ and RepU
res
ǫ ĝ, respectively.
A vector v in a Uqĝ–module (resp., U
res
ǫ ĝ–module) V is called a highest weight vector
if Uqĝ
+v = 0 and Uqĝ
0 · v = C(q) · v (resp., U resǫ ĝ
+v = 0 and U resǫ ĝ
0 · v = C · v). If
in addition V = Uqĝ · v (resp., V = U
res
ǫ ĝ · v), then V is called a highest weight
representation.
Theorem 2.4. Every irreducible finite-dimensional representation of U resǫ ĝ is a high-
est weight representation. An irreducible highest weight representation V with highest
weight vector v is finite-dimensional if and only if there exists an I–tuple of polynomials
with constant term 1,
P = (Pi(u))i∈I , Pi(u) =
ji∏
j=1
(1− aiju), aij ∈ C,
such that
kiv = ǫ
deg Pi
i v,
[
ki
li
]
v =
[
degPi
li
]
ǫi
v,
P
+
i (u)v = Pi(u)v, P
−
i (u)v = P˜i(u)v,
where P˜i(u) =
∏ji
j=1(1− (aiju)
−1).
Proof. In [CP4], Proposition 8.1 and Theorem 8.2, the theorem is proved when s is odd
and (s, r∨) = 1, using the triangular decomposition (2.4) for U resq ĝ. The same proof
applies in general as the decomposition (2.4) does not depend on the choice of ǫ.
The I–tuple of polynomials P is called the highest weight of V . We write V = V (P)
for the irreducible representation V with highest weight P. We refer to the polynomials
Pi(u) as Drinfeld polynomials.
There is an analogous description of irreducible finite-dimensional Uq ĝ–modules given
as highest weight representations given in [CP2, CP3]. Namely, irreducible Uqĝ–
modules are also classified by highest weights P, which are I–tuples of polynomials
in C(q)[u] with constant coefficient 1. We denote the irreducible Uqĝ–module with
highest weight P by V (P)q.
Let Λ = spanZ{ω1, . . . , ωℓ} be the weight lattice of g. Recall that Λ carries a partial
order. Namely, for λ, λ′ ∈ Λ, we say that λ ≥ λ′ if λ = λ′+
∑
i∈I niαi, where ni ∈ Z≥0.
This induces a partial order on the set of I–tuples of polynomials: we say that P ≥ Q
if
∑
i∈I ωi degPi ≥
∑
i∈I ωi degQi.
The next proposition shows that all irreducible finite-dimensional representations of
U resǫ ĝ can be obtained as subquotients of specializations of Uqĝ–modules, and moreover,
the corresponding decomposition matrix is triangular with respect to the above partial
order.
Proposition 2.5. Let V (P)q be an irreducible highest weight Uqĝ–module of dimension
d with highest vector v and highest weight P, such that Pi(u) ∈ C[q, q
−1, u] (i ∈ I).
Then V (P)resq := U
res
q ĝ · v is a free C[q, q
−1]–module of rank d, and
V (P)resǫ := V (P)
res
q ⊗C[q,q−1] Cǫ
8 EDWARD FRENKEL AND EVGENY MUKHIN
is a U resǫ ĝ–module of dimension d. Moreover, the map
e : RepUqĝ → RepU
res
ǫ ĝ,
[V (P)q] 7→ [V (P)
res
ǫ ]
is a surjective ring homomorphism, and
[V (P)resǫ ] = [V (Pǫ)] +
∑
Q<Pǫ
mQ,Pǫ [V (Q)], mQ,Pǫ ∈ Z≥0,(2.5)
where Pǫ is obtained from P by substituting q = ǫ.
Proof. The module V (P)resq is a free C[q, q
−1]–module of rank d by Lemma 4.6 i) in
[CP5].
Since U resq ĝ is a Hopf subalgebra of Uqĝ, the map e is a homomorphism of rings. Since
the degrees of the polynomials Pi(u) determine the highest weight of V (P)q, considered
as a Uqg–module, we obtain that any U
res
ǫ ĝ–subquotient occurring in [V (P)
res
ǫ ] has
highest weight less than or equal to P with respect to our partial order. This proves
the surjectivity of e and formula (2.5)
Given an irreducible Uqĝ–module V , we call the U
res
ǫ ĝ–module V
res
ǫ the specialization
of the module V .
2.6. Finite-dimensional representations of Ufinǫ ĝ. A finite-dimensional representa-
tion V of Ufinǫ ĝ is said to be of type 1 if ki, i ∈ I, act on V semi-simply with eigenvalues
in ǫZi .
A vector v in a Ufinǫ ĝ–module V is called a highest weight vector if x
+
i,nv = 0 for all
i ∈ I, n ∈ Z, and
Φ±i (u)v = Ψ
±
i (u)v, Ψ
±
i (u) ∈ C[[u
±1]] (i ∈ I).(2.6)
If in addition V = Ufinǫ ĝ · v, then V is called a highest weight representation with
highest weight (Ψ±i (u))i∈I . Introduce the notation Ψ˜
+
i (u) = Ψ
+
i (u)/Ψ
+
i (0), Ψ˜
−
i (u) =
Ψ−i (u)/Ψ
−
i (∞) (these are the eigenvalues of k
∓1
i Φ
±
i (u) on v). By Lemma 2.3, the
elements hi,mli act on V by 0. Therefore Ψ
±
i (u) necessarily satisfies the property
li−1∏
j=0
Ψ˜±i (uǫ
2j
i ) = 1 (i ∈ I),(2.7)
cf. Section 6.5 of [BK]. Note that the commuting elements hi,n, n 6= mli, are al-
gebraically independent in U resǫ ĝ, and hence in U
fin
ǫ ĝ. Therefore for any choice of
(Ψ±i (u))i∈I satisfying the condition (2.7), there exists a unique irreducible highest
weight representation with highest weight (Ψ±i (u))i∈I .
We will say that a polynomial P (u) ∈ C[u] is l–acyclic if it is not divisible by
(1 − aul) (equivalently, the set of roots of P (u) does not contain a subset of the form
{a, aǫ2, . . . , aǫ2l−2}, a ∈ C×, where ǫ2 is a primitive root of unity of order l).
The following statement essentially follows from the results of Beck and Kac [BK].
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Theorem 2.6. Every irreducible finite-dimensional type 1 representation of Ufinǫ ĝ is
a highest weight representation. An irreducible highest weight representation V with
highest weight (Ψ±i (u))i∈I is finite-dimensional if and only if there exists an I–tuple of
polynomials with constant term 1, P = (Pi(u))i∈I , where Pi(u) is li–acyclic, such that
Ψ±i (u) = γiǫ
deg Pi
i
Pi(uǫ
−1
i )
Pi(uǫi)
, i ∈ I,(2.8)
where γi = 1, if ǫi has odd order, γi = ±1, if ǫi has even order, and by the rational
function appearing in the right hand side we understand its expansion in u±1.
Proof. Theorem 6.3 of [BK] describes the so-called diagonal finite-dimensional repre-
sentations of the non-restricted specialization U˜ǫĝ (although l is assumed in [BK] to
be odd, the proof of Theorem 6.3 does not depend on this restriction). It states in
particular that these representations are highest weight representations. Since we have
a surjective homomorphism U˜ǫĝ։ U
fin
ǫ ĝ, any irreducible U
fin
ǫ ĝ–module gives rise to an
irreducible U˜ǫĝ–module. By Lemma 2.3, an irreducible U˜ǫĝ–module obtained by pull-
back from an irreducible Ufinǫ ĝ–module is diagonal. Therefore we obtain that every
irreducible finite-dimensional Ufinǫ ĝ–module is a highest weight module.
Furthermore, according to Theorem 6.3 of [BK], the irreducible highest weight rep-
resentation of U˜ǫĝ with highest weight (Ψ
±
i (u))i∈I is finite-dimensional if and only if
Ψ±i (u) is a rational function
fi(u) =
P
(1)
i (u)
P
(2)
i (u)
, i ∈ I,
where P
(1)
i (u), P
(2)
i (u) are two polynomials in u of equal degrees with non-zero constant
coefficients; fi(u) is regular at 0 and at ∞, and fi(0) = fi(∞)
−1.
In addition, the highest weight of an irreducible U˜ǫĝ–module obtained by pull-back
from an irreducible Ufinǫ ĝ–module of type 1 satisfies formula (2.7) and the condition
Ψ+i (0) ∈ ǫ
Z
i . But then for each i ∈ I there exists a unique acyclic polynomial Pi(u),
such that formula (2.8) holds. This completes the proof.
Proposition 2.7. Let P = (Pi(u))i∈I be an I–tuple of polynomials with constant term
1, such that Pi(u) is li–acyclic for each i ∈ I. Then the irreducible U
res
ǫ ĝ–module V (P)
remains irreducible when restricted to Ufinǫ ĝ.
Proof. This statement is proved in Theorem 9.2 of [CP4] in the case when the order
of ǫ is odd (although the algebra Ufinǫ ĝ in [CP4] includes the elements Pi,n, the same
proof works for the algebra without the elements Pi,n, as in our definition of U
fin
ǫ ĝ).
For general root of unity ǫ, one repeats the proof of [CP4] replacing l by li, where
appropriate.
Remark 2.8. Let Iev = {i ∈ I|ǫi has even order}. The algebra U
fin
ǫ ĝ has 2
#Iev non-
isomorphic one-dimensional type 1 representations, on which the ei’s and fi’s act by
zero, ki ∈ I\Iev act identitically, and ki ∈ Iev act by multiplication by ±1 (indeed,
if ǫi is a root of unity of an even order 2li, then ǫ
li
i = −1). By Theorem 2.6, any
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irreducible Ufinǫ ĝ–module of type 1 is isomorphic to the tensor product of an irreducible
module with the highest weight of the form (2.8), where γi = 1 for all i ∈ I, and a
one-dimensional module. Note that in contrast to Ufinǫ ĝ, the algebra U
res
ǫ ĝ has only one
one-dimensional type 1 representation for any ǫ (namely, the trivial representation).
Proposition 2.7 implies that any irreducible Ufinǫ ĝ–module may be extended to a
U resǫ ĝ–module, although this U
res
ǫ ĝ–module may not be of type 1. Furthermore, an
irreducible Ufinǫ ĝ–module can be extended to a U
res
ǫ ĝ–module in a unique way. This
follows from the Decomposition Theorem 5.4 (which is proved in this paper under the
assumption that (l, r∨) = 1).
3. The ǫ–characters
3.1. Definition. Let V be a finite-dimensional representation of U resǫ ĝ. We have a
commutative subalgebra generated by the elements ki, P
±
i,n (i ∈ I, n ∈ Z) acting on
V . Let v1, . . . , vd be a basis of common generalized eigenvectors of these elements. In
what follows we look at the corresponding generalized eigenvalues.
Lemma 3.1. The common eigenvalues of P+i (u) are rational functions of the form
Γ+i,n(u) =
∏jin
j=1(1− ainju)∏min
m=1(1− binmu)
,
where jin,min are non-negative integers and ainj , binm are non-zero complex numbers.
Moreover, the generalized eigenvalues of P−i (u) are
Γ−i,n(u) =
∏jin
j=1(1− (ainju)
−1)∏min
m=1(1− (binmu)
−1)
,
and we have
kivn = q
jin−minvn,
[
ki
li
]
vn =
[
jin −min
li
]
ǫi
vn.
Proof. In the case of Uq ĝ the analogous statement follows from Proposition 1 in [FR].
Lemma 3.1 then follows from Proposition 2.5.
The q–character of a Uqĝ–module V defined in [FR] (see also [FM]) encodes the
generalized eigenvalues of P+i (u) on V . It is denoted by χq(V ) and it takes values in
the polynomial ring Z[Y ±1i,a ]
a∈C×
i∈I .
Similarly, we define the ǫ–character of a finite-dimensional U resǫ ĝ–module V , denoted
by χǫ(V ), to be the element of the ring Z[Y
±1
i,a ]
a∈C×
i∈I equal to
χǫ(V ) =
d∑
n=1
∏
i∈I
 jin∏
j=1
Yi,ainj
min∏
m=1
Y −1i,binm
 .
Theorem 3.2. The map
χǫ : RepU
res
ǫ ĝ → Z[Y
±1
i,a ]
a∈C×
i∈I ,
V 7→ χǫ(V )
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is an injective homomorphism of rings. Moreover, for any irreducible finite-dimensional
Uqĝ–module V , χǫ(V
res
ǫ ) is obtained from χq(V ) by setting q equal to ǫ.
Proof. The first part follows from Theorem 3 in [FR] and Proposition 2.5. The second
part follows from Proposition 2.5.
In particular, we obtain that the ring RepU resǫ ĝ is commutative.
A monomial m ∈ Z[Y ±1i,a ]
a∈C×
i∈I is called dominant if it does not contain factors Yi,a in
negative powers. The monomial in χǫ(V ) corresponding to the highest weight vector
is always dominant. We call it the highest weight monomial. The i-th fundamental
representation Vωi(a) is by definition the irreducible U
res
ǫ ĝ–module whose highest weight
monomial is Yi,a.
Theorems 2.4 and 3.2 imply that the map
RepU resǫ ĝ → Z[ti,a]
a∈C×
i∈I ,
Vωi(a) 7→ ti,a
is an isomorphism of rings (cf. the analogous statement in the case of RepUqĝ in [FR],
Corollary 2).
3.2. Properties of the ǫ–characters. Using the definition, Proposition 2.5 and The-
orem 3.2, we obtain that the ǫ–characters satisfy combinatorial properties similar to
q–characters. In this section we list these properties.
We have the ordinary character homomorphism χ : RepU resǫ g → Z[y
±1
i ]i∈I : if V =
⊕µVµ is the weight decomposition of V , then χ(V ) =
∑
µ dimVµ · y
µ, where for µ =∑
i∈I µiωi we set y
µ =
∏
i∈I y
µi
i .
Define the ring homomorphism β : Z[Y ±1i,a ]
a∈C×
i∈I → Z[y
±1
i ]
a∈C×
i∈I by the rule β(Y
±1
i,a ) =
y±1i . We will say that a monomial m ∈ Z[Y
±1
i,a ]
a∈C×
i∈I has weight µ if β(m) = y
µ.
Lemma 3.3. The following diagram is commutative:
RepU resǫ ĝ
χǫ
−−−→ Z[Y ±1i,a ]
a∈C×
i∈Iyres yYi,a 7→yi
RepU resǫ g
χ
−−−→ Z[y±1i ]i∈I
Given a subset J of I, denote by U resǫ ĝJ the subalgebra of U
res
ǫ ĝ generated by ki,[
ki
li
]
, Pi,r, (x
±
i,r)
(n), i ∈ J , r ∈ Z, n ∈ Z≥0. Let βJ : Z[Y
±1
i,a ]
a∈C×
i∈I → Z[Y
±1
i,a ]
a∈C×
i∈J be a
ring homomorphism defined by the rule βJ (Y
±1
i,a ) = Y
±1
i,a if i ∈ J and βJ (Y
±1
i,a ) = 1 if
i 6∈ J . Then we have:
Lemma 3.4. The following diagram is commutative.
RepU resǫ ĝ
χǫ
−−−→ Z[Y ±1i,a ]
a∈C×
i∈Iyres yYi,a 7→1, i 6∈J
RepU resǫ ĝJ
χJǫ−−−→ Z[Y ±1i,a ]
a∈C×
i∈J
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Define Ai,a ∈ Z[Y
±1
j,b ]
b∈C×
j∈I by the formula
Ai,a = Yi,aǫ−1
i
 ∏
j: j 6=i, Cji 6=0
Ai,j;a
Yi,aǫi , Ai,j;a =

Y −1j,a if Cji = −1,
Y −1
j,aǫ−1
Y −1j,aǫ if Cji = −2,
Y −1
j,aǫ−2
Y −1j,a Y
−1
j,aǫ2
if Cji = −3.
(3.1)
Thus β(Ai,a) corresponds to the simple root αi.
Using Theorem 4.1 in [FM] and Proposition 2.5, we obtain:
Proposition 3.5. Let V be an irreducible U resǫ ĝ module. The ǫ–character of V has the
form
χǫ(V ) = m+(1 +
∑
p
apMp),
where m+ is the highest weight monomial and for each p, Mp is a product of A
−1
i,c , i ∈ I,
c ∈ C×, ap is a nonnegative integer.
Define the rings Ki, i ∈ I by the formula
Ki = Z[Y
±1
j,a ]
a∈C×
j∈I;j 6=i ⊗ Z[Yi,b + Yi,bA
−1
i,bǫi
]b∈C× .
Set
K =
⋂
i∈I
Ki ⊂ Z[Y
±1
j,a ]
a∈C×
j∈I .
Corollary 5.7 in [FM] and Proposition 2.5 imply:
Proposition 3.6. The image of the ǫ–character homomorphism equals K. Therefore
χǫ : RepU
res
ǫ ĝ→ K
is a ring isomorphism.
3.3. The ǫ–characters of the small quantum group Ufinǫ ĝ. The ǫ–characters of
finite-dimensional Ufinǫ ĝ–modules are defined similarly to the ǫ–characters of U
res
ǫ ĝ–
modules. Namely, we consider the generalized eigenvalues Ψ±i (u) of the series Φ
±
i (u)
on a given finite-dimensional Ufinǫ ĝ–module V . By Proposition 2.7 and Remark 2.8, any
irreducible Ufinǫ ĝ–modules may be represented as the tensor product of the restriction
of a type one U resǫ ĝ–module and a one-dimensional sign representation. Therefore we
find from Lemma 3.1 that the generalized eigenvalues Ψ±i (u) have the form (2.8), where
Pi(u) =
∏ji
j=1(1 − aiju) is an li–acyclic polynomial for each i ∈ I, and for each i ∈ I
the sign γi in (2.8) is the same for all generalized eigenvectors. We attach to a set of
common generalized eigenvalues of this form, the monomial
∏
i∈I
∏ji
j=1 Yi,aij .
Let RepUfinǫ ĝ be the quotient of the Grothendieck ring of U
fin
ǫ ĝ by the ideal generated
by the elements of the form [V ]−1, where [V ] is any non-trivial one-dimensional Ufinǫ ĝ–
module. Introduce the notation
Yi,a :=
li−1∏
j=0
Y
i,aǫ2ji
.
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Then we obtain an injective ring homomorphism
χfinǫ : RepU
fin
ǫ ĝ → C[Yi,a]
a∈C×
i∈I /(Yi,b − 1)
b∈C×
i∈I .
Let π be the ring homomorphism
π : C[Y ±1i,a ]
a∈C×
i∈I → C[Yi,a]
a∈C×
i∈I /(Yi,b − 1)
b∈C×
i∈I ,
Yi,a 7→ Yi,a.
Then we have the following
Lemma 3.7. Let V be a finite dimensional U resǫ ĝ module with ǫ–character χǫ(V ). Then
the following diagram is commutative. χfinǫ
(
V |Ufinǫ ĝ
)
= π(χǫ(V )).
Since all irreducible Ufinǫ ĝ–modules may be obtained by restriction from irreducible
U resǫ ĝ–modules, we see that the study of ǫ–characters of U
fin
ǫ ĝ–modules is reduced to
the study of ǫ–characters of U resǫ ĝ–modules.
4. The Frobenius homomorphism
In this section we introduce the Frobenius homomorphism following Lusztig [L], §35.
Because in the case of roots of unity of even order this homomorphism is not discussed
in detail in the literature (except for [L]), we first give a brief overview.
Recall that we denote by ǫ a fixed primitive root of unity of order s. If s is an odd
number, relatively prime to r∨, then we expect that there exists a Frobenius homomor-
phism U resǫ ĝ → U ĝ, although we have not been able to locate such a homomorphism
in the literature (such a homomorphism has been constructed by Lusztig in [L1] in
the case of Uqg with the above restrictions on s). If s is even, but not divisible by 4
and by r∨ (so that l is odd and not divisible by r∨), then presumably there exists a
homomorphism U resǫ ĝ→ U
res
−1 ĝ. If s is even and the above additional conditions are not
satisfied, the construction becomes more complicated.
The important aspect of Lusztig’s definition of the Frobenius homomorphism is that
it uses the modified quantized enveloping algebra U˙ resǫ ĝ (it is denoted by U˙ in [L])
instead of U resǫ ĝ. This appears to be necessary in order to give a uniform definition
of the Frobenius homomorphism for roots of unity of odd and even orders (subject
to some mild restrictions mentioned below). In this section we apply Lusztig’s defini-
tion of the Frobenius homomorphism using the modified quantized enveloping algebra
U˙ resǫ ĝ. However, for the purposes of our paper the difference between U
res
ǫ ĝ and U˙
res
ǫ ĝ
is inessential, because the category of finite-dimensional U resǫ ĝ–modules of type 1 is
equivalent to the category of unital U˙ resǫ ĝ–modules.
4.1. The modified quantized enveloping algebra. Recall that we denote by Λ the
weight lattice of g. For λ ∈ Λ,
Uλ = Uqĝ/
∑
i∈I
Uqĝ(ki − q
(αi,λ)).
Here we set (α0, λ) = −(αmax, λ). Let 1λ ∈ Uλ be the image of 1 ∈ Uqĝ in Uλ. The
space Uλ is a left Uqĝ–module. For g ∈ Uqĝ, we denote by g1λ the image of g in Uλ.
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Set
U˙qĝ = ⊕λ∈ΛUλ.
This is a C(q)–algebra with multiplication given by
1λ1µ = δλ,µ1λ,
x±i 1λ = 1λ±αix
±
i .
Now we compare the algebra U˙qĝ with the modified quantized enveloping algebra U˙
defined in [L]. The latter is assigned to a root datum, which consists of two lattices
X,Y , a set I, a pairing 〈, 〉 : Y × X → Z, a bilinear form · : Z[I] × Z[I] → Z, and
embeddings I →֒ X, I →֒ Y satisfying the conditions listed in [L], §§1.1.1, 2.2.1.
We take as I the set Iˆ of vertices of the Dynkin diagram of ĝ, as X the weight
lattice Λ of g (spanned by ωi, i ∈ I), and as Y the coroot lattice Q
∨ of g (spanned
by α∨i , i ∈ I). The pairing between X and Y is defined by the formula 〈α
∨
i , ωj〉 = δij
for all i, j ∈ I. The bilinear form on Z[Iˆ] is defined by the formula i · j = (αi, αj) for
i, j 6= 0, 0 · j = −(αmax, αj) for j 6= 0 and 0 · 0 = (αmax, αmax). The embedding Iˆ →֒ X
is defined by the formula i → αi, i 6= 0; 0 → −αmax. The embedding Iˆ →֒ Y is defined
by the formula i → α∨i , i 6= 0; 0 → −α
∨
max. Attached to these data are associative
algebras over C(q), U and U˙, defined in [L] (see §3.1.1, §23.1.1, and Corollary 33.1.5).
Straightforward and explicit comparison gives:
Lemma 4.1. The algebra U is isomorphic to the algebra Uqĝ extended by the elements
k
1/ri
i , i ∈ Iˆ. The algebra U˙ is isomorphic to the algebra U˙qĝ.
A representation of U˙qĝ is called unital if
∑
λ∈Λ 1λ acts on it as the identity (note
that the infinite sum
∑
λ 1λ is a well-defined operator on any U˙qĝ–module). We will
consider only finite-dimensional unital U˙qĝ–modules. These are the finite-dimensional
U˙qĝ–modules, which do not contain subspaces of positive dimension on which U˙qĝ acts
by 0.
Let V be a finite-dimensional unital representation of U˙qĝ. Then using the projectors
1λ, we obtain a decomposition V = ⊕λ∈ΛVλ. We define a Uq ĝ–module structure on V
by the rule g · v = g1λ · v for g ∈ Uq ĝ, v ∈ Vλ.
Conversely, if V is a type 1 finite-dimensional Uqĝ–module, then we have the weight
decomposition V = ⊕λVλ. Define the action of U˙qĝ in V by letting 1λ act as the identity
on Vλ and by zero on Vµ, µ 6= λ.
Hence we obtain the following result (cf. [L], §23.1.4):
Lemma 4.2. The category of finite-dimensional Uqĝ–modules of type 1 is equivalent
to the category of finite-dimensional unital U˙qĝ–modules.
Note that strictly speaking U˙qĝ is not a Hopf algebra. However, we define tensor
product of U˙qĝ–modules using Lemma 4.2, see also [L], §23.1.5.
The automorphisms Ti on Uqĝ induce automorphisms of U˙qĝ, which we also denote
by Ti.
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4.2. Specialization to the root of unity. Next we define U˙ resq ĝ as the C[q, q
−1]–
subalgebra of U˙qĝ, generated by the elements (x
±
i )
(n)1λ, i ∈ Iˆ , n ≥ 0, λ ∈ Λ. Note that
we have the following relations in U˙ resq ĝ,
(x±i )
(n)1λ = 1λ±nαi(x
±
i )
(n).
Then we set U˙ resǫ ĝ = U˙
res
q ĝ⊗C[q,q−1] Cǫ.
Lemma 4.3. The algebras U˙ resq ĝ and U˙
res
ǫ ĝ are generated by (x
±
i,r)
(n)1λ, i ∈ I, r ∈
Z, n ≥ 0, λ ∈ Λ.
If J ⊂ I, then the maps
U˙ resq ĝJ → U˙
res
q ĝ, U˙
res
ǫ ĝJ → U˙
res
ǫ ĝ,
(x±i,r)
(n)1λ 7→ (x
±
i,r)
(n)1λ, i ∈ J, r ∈ Z, n ∈ Z>0
extend to injective algebra homomorphisms. Here we extended a weight λ of ĝJ to a
weight of ĝ by the rule 〈α∨i , λ〉 = 0 if i ∈ I \ J .
Proof. This lemma follows from Theorem 2.2 and the commutation relations in Uqĝ.
4.3. Definition of the Frobenius homomorphism. Recall that ǫs = 1, l = s if s is
odd and l = s/2 if s is even.
From now on, we impose the following restrictions on s. First we assume that s > 2
(if s = 1, 2 then the Frobenius homomorphism is just the identity map). Next, in this
section we exclude from consideration the case ĝ = ŝl2n+1 because of condition 35.1.2
b) in [L]. We will deal with it in Section 4.4. Finally, due to condition 35.1.2 a) in [L]
we assume that l 6= 2, 4 in the case r∨ = 2, and l 6= 2, 3, 6 in the case r∨ = 3.
In what follows a weight λ ∈ Λ is called l–admissible if 〈α∨i , λ〉 is divisible by li for
all l. In other words, λ is l–admissible if λ =
∑
i∈I aiωi, where each ai is divisible by li.
Denote the lattice of all l–admissible weights by Λl, and for each λ =
∑
i∈I aiωi ∈ Λl,
denote by λ/l the weight
∑
i∈I(ai/li)ωi.
In [L], §35.1.6 an algebra U˙∗ over C[q, q−1] is introduced. It is defined in the same
way as U˙ with respect to the Cartan datum dual to the Cartan datum used in the
definition of U˙ (see [L], §2.2.5). Let R be a C[q, q−1]–module, on which the operator
of multiplication by q has order s. Set RU˙ = U˙⊗C[q,q−1]R,RU˙ = U˙
∗⊗C[q,q−1]R. Then
by Theorem 35.1.9 in [L], there exists an algebra homomorphism RU˙→ RU˙
∗.
In the case at hand this result translates as follows. If l is relatively prime to r∨,
define ∗U˙ǫĝ to be U˙
res
ǫ∗ ĝ, where ǫ
∗ = ǫl
2
. If l is divisible by r∨, define ∗U˙ǫĝ to be U˙
res
ǫ∗ ĝ
L,
where ǫ∗ = ǫl
2/r∨ . Here ĝL is the twisted affine Kac-Moody algebra, whose Cartan
matrix is the transpose of the Cartan matrix of ĝ. The algebra U˙ resǫ∗ ĝ
L is defined in
the same way as U˙ resǫ ĝ above (using the Drinfeld-Jimbo realization, with the generators
labeled in a way compatible with the labeling of the generators of U˙ resǫ ĝ).
Then there exists an algebra homomorphism
Fr : U˙ resǫ ĝ →
∗U˙ǫĝ,
(x±i )
(m)1λ 7→ (x¯
±
i )
(m/li)1¯λ/l, m/li ∈ Z, λ ∈ Λl,
(x±i )
(m)1λ 7→ 0, otherwise.
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Here and below we put a bar over the elements of the target algebra to avoid confusion.
The homomorphism Fr is called the quantum Frobenius homomorphism.
Remark 4.4. In [L], the algebra Uqĝ is defined over Q(q) and the algebra U
res
q ĝ is defined
over Z[q, q−1]. However, all of the results of [L] referred to above, remain valid if we
replace Q(q) by C(q) and Z[q, q−1] by C[q, q−1].
The defining relations of the algebra U˙ used in [L] are strictly speaking different from
those used here. Namely, the relations between the generators x+i , i ∈ Iˆ (and x
−
i , i ∈ Iˆ)
are described in [L] in terms of a certain bilinear form (see [L], §§1.2.3, 1.2.4) instead of
the quantum Serre relations that we use here. However, it is known that the quantum
Serre relations are included into these relations (see [L], §1.4), and therefore there is
a surjective homomorphism U˙ resq ĝ → U˙. When q = 1, this homomorphism is actually
an isomorphism by a theorem of Gabber–Kac, and the same is true for q = −1 by [L],
§33.2 (unless ĝ = ŝl2n+1 which we have excluded from consideration in this subsection).
The homomorphism Fr is the composition of the homomorphism U˙ resq ĝ → U˙ with the
Frobenius homomorphism from [L], Theorem 35.1.9 (when R = Cǫ).
In order to avoid twisted quantum affine algebras, we assume from now on that l
is relatively prime to r∨. We will describe the q–characters of twisted quantum affine
algebras and the Frobenius homomorphism involving them in a separate paper.
Since l is relatively prime to r∨, we have: ǫi = ǫ and li = l for all i ∈ Iˆ. Therefore
Λl = l · Λ and λ/l = λ/l for λ ∈ Λl.
Note that ǫ∗ = ǫl
2
is equal to 1 if l is odd and s = l, or if l is even, and to −1 if l is
odd and s = 2l. Note also that −ǫ∗ = (−ǫ)l. By Proposition 33.2.3 in [L], the algebras
U˙ res1 ĝ and U˙
res
−1 ĝ are isomorphic if ĝ 6= ŝl2n+1.
In the same way as in the proof of Lemma 4.2 we obtain the following result (see the
beginning of Section 2.5 for the definition of U resǫ ĝ–modules of type 1).
Lemma 4.5. The category of finite-dimensional U resǫ ĝ–modules of type 1 is equivalent
to the category of finite-dimensional unital U˙ resǫ ĝ–modules.
Therefore, the quantum Frobenius homomorphism induces a map of Grothendieck
rings
Fr∗ : RepU resǫ∗ ĝ→ RepU
res
ǫ ĝ.
By [L], §35.1.10, this map is a ring homomorphism.
Lemma 4.6. We have Fr((x±i,r)
(m)1λ) = 0 if m is not divisible by l or if λ 6∈ Λl. For
λ ∈ Λl,
Fr((x±i,r)
(nl)1λ) =
{
(x¯±i,r)
(n)1¯λ/l, l is odd
o(i)nr(x¯±i,r)
(n)1¯λ/l, l is even.
Proof. We use the fact that the automorphisms Ti, i ∈ Iˆ, commute with the Frobenius
homomorphism (see [L], §41.1.9), and so do the automorphisms σ of the Dynkin diagram
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of ĝ (see Section 2.2). Hence the automorphisms Tωˇi , i ∈ I, also commute with the
Frobenius homomorphism. From this we find:
Fr((x±i,r)
(m)1λ) = Fr(o(i)
mrT∓rωˇi (x
±
i )
(m)1ωˇ±ri (λ)
) =
= o(i)mr T¯∓rωˇi Fr((x
±
i )
(m)1ωˇ±ri (λ)
).
So, it is zero if m is not divisible by l or if λ 6∈ Λl. If m = nl we obtain
Fr((x±i,r)
(m)1λ) = o(i)
mrT¯∓rωˇi (x¯
±
i )
(n)1¯ωˇ±ri (λ)/l
=
= o(i)mr+nr(x¯±i,r)
(n)1¯λ/l.
If l is odd then m and n have the same parity, and all the signs cancel. If l is even,
then m is also even, and we acquire the sign o(i)nr.
4.4. The case ĝ = ŝl2n+1. Let now ĝ = ŝl2n+1. We define the Frobenius homomor-
phism Fr : U˙ǫ∗ ŝl2n+1 → U˙ǫŝl2n+1 using the generators (x
±
i,r)
(m) as in Lemma 4.6:
Fr((x±i,r)
(nl)1λ) =
{
(x¯±i,r)
(n)1¯λ/l l is odd, λ ∈ Λl,
o(i)nr(x¯±i,r)
(n)1¯λ/l l is even, λ ∈ Λl
and Fr((x±i,r)
(m)1λ) = 0 if m is not divisible by l or λ 6∈ Λl.
Lemma 4.7. These formulas give rise to a well-defined homomorphism of algebras.
Moreover, the induced map Fr∗ : RepU resǫ∗ ĝ→ RepU
res
ǫ ĝ is a ring homomorphism.
Proof. We embed the Dynkin diagram of ŝl2n+1 into the Dynkin diagram of ŝl2n+2
in such a way that the numbers o(i) coincide. By Lemma 4.3, we have the corre-
sponding embeddings U˙ resǫ ŝl2n+1 →
·
U ǫŝl2n+2 and U˙ǫ∗ ŝl2n+1 → U˙ǫ∗ ŝl2n+2. It follows
from Lemma 4.6 that the image of U˙ resǫ ŝl2n+1 under the Frobenius homomorphism
U˙ǫŝl2n+2 → U˙ǫ∗ ŝl2n+2 is contained in U˙ǫ∗ ŝl2n+1. Hence we obtain an algebra homomor-
phism U˙ resǫ ŝl2n+1 → U˙ǫ∗ ŝl2n+1, given by the above formula. The lemma follows.
By a direct computation similar to the one used in the proof of Lemma 4.6 we obtain
the following formulas for the Frobenius homomorphism in the case of U resǫ ŝl2n+1 in
terms of the Drinfeld-Jimbo generators.
Lemma 4.8. Let ĝ = ŝl2n−1, then
Fr((x±i )
(m)1λ) = (x¯
±
i )
(m/l)1¯λ/l, m/l ∈ Z, λ ∈ Λl, i ∈ Iˆ ,
Fr((x±i )
(m)1¯λ) = 0, otherwise.
5. Frobenius homomorphism and ǫ–characters
5.1. Properties of the Frobenius homomorphism. Recall the automorphism τa
defined by formula (2.3). It gives rise to an automorphism of U˙ resǫ ĝ in an obvious way.
Using Lemma 4.6, we obtain:
Lemma 5.1. We have: Fr ◦τa = τal ◦ Fr. In particular, Fr ◦τǫ2 = Fr.
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Denote by τ∗a the endomorphism of RepU
res
ǫ ĝ induced by τa. The next lemma follows
from Lemmas 4.3 and 4.6.
Lemma 5.2. Let J ⊂ I correspond to a Dynkin subgraph of g and let gJ be the corre-
sponding Lie algebra. If the functions o(i) for diagrams I and J coincide or l is odd,
then the following diagram is commutative.
RepU resǫ∗ ĝ
Fr∗
−−−→ RepU resǫ ĝyres yres
RepU resǫ∗ ĝJ
Fr∗J−−−→ RepU resǫ ĝJ
If the functions o(i) for diagrams I and J do not coincide and l is even then Fr∗ ◦ τ¯∗−1 =
τǫ ◦ Fr
∗ and the following diagram is commutative.
RepU resǫ∗ ĝ
Fr∗
−−−→ RepU resǫ ĝyres yres
RepU resǫ∗ ĝJ
Fr∗ ◦τ¯∗
−1
−−−−−→ RepU resǫ ĝJ
The algebras U˙ resǫ g, U˙
res
ǫ∗ g and the corresponding Frobenius map are defined similarly
to the affine case. Then the following property follows immediately from the definitions
in terms of the Drinfeld-Jimbo generators.
Lemma 5.3. The following diagram is commutative:
RepU resǫ∗ ĝ
Fr∗
−−−→ RepU resǫ ĝyres yres
RepU resǫ∗ g
Fr∗
−−−→ RepU resǫ g
5.2. The decomposition theorem. For a polynomial P (u) with constant term 1,
define polynomials with constant term 1, P 0(u) and P 1(u), to be such that P (u) =
P 0(u)P 1(u), P 0(u) is not divisible by 1 − aul, for any a ∈ C× and P 1(u) = R(ul) for
some polynomial R. IfP = (Pi(u))i∈I , we write: P
0 = (P 0i (u))i∈I and P
1 = (P 1i (u))i∈I .
Let V be a U resǫ∗ ĝ module. We call the U
res
ǫ ĝ–module Fr
∗(V ) obtained by pull-back
of V via the quantum Frobenius homomorphism the Frobenius pull-back of V .
Theorem 5.4. Let V (P) be an irreducible U resǫ ĝ module with Drinfeld polynomials
P. Then V (P) ≃ V (P0) ⊗ V (P1). Moreover V (P1) is the Frobenius pull-back of an
irreducible U resǫ∗ ĝ–module and V (P
0) is irreducible over Ufinǫ ĝ.
Proof. This theorem is proved in [CP4], Theorems 9.1–9.3, in the case when ǫ is a root
of unity of odd order (i.e., s = l and l is odd). The proof given in [CP4] goes through
for other l (under our assumption that l is relatively prime to r∨) with the following
changes: Lemma 9.5 of [CP4] should be replaced by Lemma 4.6 and the diagram (49)
of [CP4] in the case of even l should be replaced by the identity Fr ◦ evb = ev(ǫb)l ◦ Fr
(which is proved in the same way as the commutativity of the diagram (49)). Finally,
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the proof uses the description of the Drinfeld polynomials of the Frobenius pull-backs of
irreducible U resǫ∗ –modules. These Drinfeld polynomials are determined in Theorem 5.7
below.
Theorem 5.4 and Proposition 2.7 imply:
Corollary 5.5. There is an isomorphism of vector spaces
RepU resǫ ĝ ≃ RepU
res
ǫ∗ ĝ⊗ RepU
fin
ǫ ĝ.
The decomposition in Corollary 5.5 is not a decomposition of rings. However, the
Frobenius map Fr∗ : RepU resǫ∗ ĝ → RepU
res
ǫ ĝ is a ring homomorphism. Therefore we
have a natural ring structure on the quotient of RepU resǫ ĝ by its ideal generated by
the augmentation ideal of RepU resǫ∗ ĝ. By Corollary 5.5, this quotient is isomorphic
to RepUfinǫ ĝ as a vector space. We call the induced multiplication on RepU
fin
ǫ ĝ the
factorized tensor product. It would be interesting to extend it to the level of the category
of finite-dimensional representations of Ufinǫ ĝ.
The statement of Theorem 5.4 remains true in the case when l is relatively prime to
r∨. However, in the course of proving it we need to use information about the Frobenius
homomorphism which in that case takes values in the (modified) twisted quantum affine
algebra. This case will be discussed in a separate paper.
5.3. The ǫ–characters of the Frobenius pull-backs. Recall the notation
Yi,a :=
l−1∏
j=0
Yi,aǫ2j .
Note that because l is relatively prime to r∨, and hence by ri, we have: Yi,a =∏l−1
j=0 Y1,aǫ2ji
. The monomial Yi,a corresponds to the polynomial (1− a
lul).
Note that we have a homomorphism χǫ∗ : RepU
res
ǫ∗ ĝ→ Z[Y¯
±1
i,a ]
a∈C×
i∈I .
Lemma 5.6. Let V be an irreducible representation of U resǫ∗ ŝl2 with Drinfeld polyno-
mial P¯ (u). Then the Drinfeld polynomial of Fr∗(V ) is P (u) = P¯ (ul), if l is odd, and
P¯ (o(1)ul), if l is even.
Moreover, χǫ(Fr
∗(V )) is obtained from χǫ∗(V ) by replacing Y¯
±1
1,al
with Y±11,a, if l is
odd, and with Y±1
1,aǫθ(1)
, where θ(1) = (1− o(1))/2, if l is even.
Proof. Note that if al = bl then (a/b)l = 1 andYi,a = Yi,b. Therefore the rule described
in the theorem is unambiguously defined.
Recall that
Fr∗ : RepU resǫ∗ ŝl2 → RepU
res
ǫ ŝl2,
as well as χǫ and χǫ∗ , are ring homomorphisms. Since the ring U
res
ǫ∗ ŝl2 is generated
by the fundamental representation Vω1(a), it is sufficient to prove the lemma when
V = Vω1(a).
In this case the Drinfeld polynomial is P¯ (u) = 1 − au. Let v be the highest weight
vector in V and Fr∗(Vω1(a))). By Lemma 5.1 in [CP4], we obtain:
(−1)mǫ−m
2+mkmPmv = (x
+
1,0)
(m)(x−1,1)
(m)v.
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(Note that Pm in this paper differs from Pm in [CP2] by the factor q
−m.) So, Pmv = 0
unless m is divisible by l.
If m = nl, then for odd l we obtain:
(x+1,0)
(m)(x−1,1)
(m)v = (x¯+1,0)
(n)(x¯−1,1)
(n)v = (−1)n(ǫl
2
)−n
2+nk¯nP¯nv.
We have: P¯nv = 0, unless n = 1, and P¯1v = −av. In addition, k¯v = ǫ
l2v, kv = ǫlv.
Hence we find: Pm = 0, unless m = l, and Plv = −av.
For even l we obtain:
(x+1,0)
(m)(x−1,1)
(m)v = o(1)n(x¯+1,0)
(n)(x¯−1,1)
(n)v = (−1)no(1)n(ǫl
2
)−n
2+nk¯nP¯nv.
We have: P¯nv = 0 unless n = 1, and P¯1v = −av. Hence we find that Pm = 0, unless
m = l, and Plv = −o(1)av.
It remains to determine the ǫ–character of Fr∗(Vω1(a
l)). Consider the case when l is
odd. Since the Drinfeld polynomial of this module is 1− alul, we find that the highest
weight monomial is Y1,a. By Proposition 2.5 and Theorem 3.2, the other monomial in
it must be obtained by specialization of a monomial in the q–character of the irreducible
Uq ŝl2–module with the highest weight monomial
∏l−1
j=0 Y1,aq2j . Moreover, by Lemma 3.3,
the degree of this monomial must be equal to −l. There is only one monomial of such
degree, i.e., the lowest weight monomial, and it is equal to
∏l−1
j=0 Y
−1
1,aq2j+2
. Therefore
we obtain that the ǫ–character of Fr∗(Vω1(a
l)) is equal to Yi,a +Y
−1
i,a . On the other
hand, we have: χǫ∗(Vω1(a
l)) = Y¯1,al + Y¯
−1
1,al
, cf. Section 5.4, and the second assertion of
the lemma follows for odd l.
If l is even, we obtain by the same argument that the ǫ–character of Fr∗(Vω1(a
l)) is
equal to Yi,aǫθ(1) + Y
−1
i,aǫθ(1)
. This proves the second assertion of the lemma for even
l.
We can now obtain the description of the ǫ–characters of Frobenius pull-backs for
general g. Recall that we are under the assumption that l is relatively prime to r∨.
Set θ(i) = (1− o(i))/2.
Theorem 5.7. Let V be an irreducible representation of U resǫ∗ ĝ with Drinfeld polyno-
mials Pi(u), i ∈ I. Then the i-th Drinfeld polynomial of Fr
∗(V ) is equal to Pi(u
l), if l
is odd, and to Pi(o(i)u
l) if l is even.
Moreover, if l is odd, then χǫ(Fr
∗(V )) is obtained from χǫ∗(V ) by replacing Y¯
±1
i,al
with Y±1i,a . If l is even, then χǫ(Fr
∗(V )) is obtained from χǫ∗(V ) by replacing Y¯
±1
i,al
with
Y±1
i,aǫθ(i)
.
Proof. Restricting to the subalgebras U resǫi ŝl2 ⊂ U
res
ǫ ĝ and using Lemmas 5.2 and 3.4,
we obtain the statement of the theorem from Lemma 5.6.
Theorem 5.7 allows us to write down explicit formulas for the ǫ–characters of Frobe-
nius pull-backs from the ǫ∗–characters of irreducible U resǫ∗ ĝ–modules, which we now set
out to determine.
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5.4. The ǫ∗–characters of irreducible U resǫ∗ ĝ–modules. First, we consider the case
when ǫ∗ = 1 (i.e., l is odd and s = l, or l is even). There is a surjective homomorphism
U res1 ĝ → U ĝ (where U ĝ is the universal enveloping algebra of ĝ = g[t, t
−1]), which
sends the generators (x±i )
(n) of U res1 ĝ to the corresponding generators of U ĝ. In fact,
this map gives rise to an isomorphism between U ĝ and the quotient of U res1 ĝ by the
ideal generated by the central elements (Ki − 1), i ∈ I (see [CP2], Proposition 9.3.10).
Hence the category of finite-dimensional type 1 U res1 ĝ–modules is equivalent to the
category of finite-dimensional ĝ–modules, on which the Cartan subalgebra h ⊂ g ⊂ ĝ
acts diagonally (we call them weight modules).
The description of irreducible finite-dimensional representations of ĝ is as follows [C,
CP1]. Consider the “evaluation homomorphism” φa : ĝ = g[t, t
−1] → g corresponding
to evaluating a Laurent polynomial in t at a point a ∈ C×. For an irreducible g–
module Vλ with highest weight λ, let Vλ(a) be its pull-back under φa to an irreducible
representation of ĝ. Then Vλ1(a1)⊗ . . . ⊗ Vλn(an) is irreducible if ai 6= aj,∀i 6= j, and
these are all irreducible finite-dimensional representations of ĝ up to an isomorphism.
Therefore in order to obtain χ1(V ) for an arbitrary irreducible U
res
ǫ∗ ĝ–module, it
suffices to know χ1(Vλ(a)). Those is found by explicitly computing the image of P
±
i (u)
under the evaluation homomorphism. The answer is the following. Let χ(Vλ) be the
ordinary character of the g–module Vλ, considered as a polynomial in y
±1
i , i ∈ I, as in
Section 3.2.
Lemma 5.8. χ1(Vλ(a)) is obtained from χ(Vλ) by replacing each y
±1
i with Y¯
±1
i,a .
Combining this statement with Theorem 5.7, we obtain a complete description of
the ǫ–characters of irreducible Frobenius pull-backs in the case when ǫ∗ = 1.
Next, consider the case when ǫ∗ = −1 (i.e., s = 2l and l is odd). Introduce a
function ψ : I → {±1} by the rule: ψ(i) 6= ψ(j), whenever i 6= j, (αi, αj) 6= 0, and
min{ri, rj} = 1. We fix this function by the requirement that o(i) = ψ(i) if ri = 1.
We say that a monomial m ∈ Z[Y¯ ±1i,a ]i∈I,a∈C× is supported at a0 ∈ C
× if m ∈
Z[Y¯ ±1i,a0ψ(i)]i∈I,k∈Z. Any monomial can be written in a unique way as a product of
monomials supported at some a1, . . . , ak ∈ C
×, ai 6= aj.
Lemma 5.9. Let V be an irreducible finite-dimensional U res−1 ĝ–module (of type 1), such
that the highest weight monomial in χ−1(V ) is the product m1 . . . mk, where mi is a
monomial supported at ai ∈ C
× and has weight λi. Assume that all ai are distinct,
ai 6= aj. Then V ≃ V1 ⊗ . . . ⊗ Vk, where Vi is an irreducible finite-dimensional U
res
−1 ĝ–
module with highest weight monomial mi.
Moreover, let mi have weight λi. Then χ−1(Vi) is obtained from the ordinary char-
acter χ(Vλi) of the irreducible g–module Vλ, by replacing each y
±1
i with Y¯
±1
i,aψ(i).
Proof. According to [L], Proposition 33.2.3, the algebras U˙ res−1 ĝ and U˙
res
1 ĝ are isomor-
phic, if g 6= sl2n+1. Therefore the category of type 1 finite-dimensional U˙
res
−1 ĝ–modules
is isomorphic to the category of weight ĝ–modules. The statement of the lemma is
obtained by combining this fact with Theorem 3.2 and the following result about χq–
characters, which follows from [FM], Corollary 6.4:
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Set ϕ(i) = (1 + ψ(i))/2. Suppose that V is an irreducible Uqĝ–module, such that
the highest weight monomial m in χq(V ) belongs to Z[Yi,a0qϕ(i)+2k ]
k∈Z
i∈I . Then all other
monomials in χq(V ) belong to Z[Y
±1
i,a0qϕ(i)+2k
]k∈Zi∈I .
In the case of g = sl2n+1, we use the inclusion U−1ŝl2n+1 → U−1ŝl2n+2 and Lemma
5.9 follows from Lemma 3.4.
Combining this lemma with Theorem 5.7, we obtain a complete description of the
ǫ–characters of irreducible Frobenius pull-backs in the case when ǫ∗ = −1.
These results together with Theorem 5.4 reduce the problem of calculating the ǫ–
characters of irreducible finite-dimensional representations of U resǫ ĝ to the problem of
calculating ǫ–characters of those representations which remain irreducible when re-
stricted to the subalgebra Ufinǫ ĝ.
In particular, we obtain explicit formulas for the ǫ–characters of all irreducible finite-
dimensional U resǫ ŝl2–modules (cf. [CP4], Theorem 9.6). We conjecture that in the case
when s > 2 the ǫ–characters of irreducible modules can be constructed by applying the
algorithm described in Section 5.5 of [FM].
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